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ON THE NON-HYPERCYCLICITY
OF SCALAR TYPE SPECTRAL OPERATORS
AND COLLECTIONS OF THEIR EXPONENTIALS
MARAT V. MARKIN
Abstract. We give a straightforward proof of the non-hypercyclicity of an
arbitrary (bounded or not) scalar type spectral operator A in a complex Banach
space as well as of the collection
{
etA
}
t≥0
of its exponentials, which, under
a certain condition on the spectrum of A, coincides with the C0-semigroup
generated by it. The spectrum ofA lying on the imaginary axis, it is shown that
non-hypercyclic is also the strongly continuous group
{
etA
}
t∈R
of bounded
linear operators generated by A. The important particular case of a normal
operator A in a complex Hilbert space follows immediately. From the general
results, we infer that, in the complex Hilbert space L2(R), the anti-self-adjoint
differentiation operator A :=
d
dx
with the domain D(A) := W 1
2
(R) is not
hypercyclic and neither is the left-translation operator group generated by it.
Everything should be made as
simple as possible, but not simpler.
Albert Einstein
1. Introduction
We give a straightforward proof of the non-hypercyclicity of an arbitrary (bounded
or not) scalar type spectral operator A in a complex Banach space as well as of
the collection
{
etA
}
t≥0
of its exponentials (see, e.g., [7,8,11]), which, provided the
spectrum σ(A) of A is located in a left half-plane
{λ ∈ C |Reλ ≤ ω}
with some ω ∈ R, coincides with the C0-semigroup generated by A [18] (see also
[3,26]). The spectrum of A lying on the imaginary axis iR (i is the imaginary unit),
it is shown that non-hypercyclic is also the strongly continuous group
{
etA
}
t∈R
of
bounded linear operators generated by A.
The important particular case of a normal operator A in a complex Hilbert space
follows immediately.
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From the general results, we immediately infer that, in the complex Hilbert space
L2(R), the anti-self-adjoint differentiation operatorA :=
d
dx
with the domain
W 12 (R) := {f ∈ L2(R)|f(·) is absolutely continuous on R with f
′ ∈ L2(R)}
is not hypercyclic and neither is the left-translation strongly continuous unitary
operator group generated by it [13, 30].
The notion of hypercyclicity, traditionally considered and well studied for conti-
nuous linear operators on Fre´chet spaces, in particular for bounded linear operators
on Banach spaces, and shown to be a purely infinite-dimensional phenomenon (see,
e.g., [14,15,29]), in [5,6] is extended to unbounded linear operators in Banach spaces,
where also found are sufficient conditions for unbounded hypercyclicity and certain
examples of hypercyclic unbounded linear differential operators.
Observe that, for an unbounded linear operator
A : X ⊇ D(A)→ X
(where D(·) is the domain of an operator) in a Banach space (X, ‖ · ‖), of primary
concern, in particular, becomes the issue of how substantial is the subspace
(1.1) C∞(A) :=
∞⋂
n=0
D(An)
(A0 := I, I is the identity operator on X) of all elements f ∈ X whose orbit under
A
orb(f,A) := {Anf}n∈Z+
(Z+ := {0, 1, 2, . . .} is the set of nonnegative integers) is well defined.
In view of the fact that, for many important unbounded operators, including the
scalar type spectral in a complex Banach space, in particular normal ones in a
complex Hilbert space (see, e.g., [7–11, 27]), such a subspace is dense in the un-
derlying space, following [5, 6], we naturally define unbounded hypercyclicity (cf.
[24, 25]).
Definition 1.1 (Hypercyclicity).
Let
A : X ⊇ D(A)→ X
be a (bounded or unbounded) linear operator in a (real or complex) Banach space
(X, ‖ · ‖). A nonzero vector f ∈ C∞(A) :=
∞⋂
n=0
D(An) is called hypercyclic if its
orbit under A, orb(f,A), is dense in X .
Linear operators possessing hypercyclic vectors are said to be hypercyclic.
More generally, a collection {T (t)}t∈J (J is a nonempty indexing set) of linear
operators in X is called hypercyclic if it possesses hypercyclic vectors, i.e., such
nonzero vectors f ∈
⋂
t∈J
D(T (t)), whose orbit
{T (t)f}t∈J
is dense in X .
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Remarks 1.1.
• It is quite obvious that, in the definition of hypercyclicity for an opera-
tor, the underlying space must necessarily be separable. Generally, for a
collection of operators, this need not be so.
• It is noteworthy that, for a hypercyclic linear operator A, the subspace
C∞(A), containing the dense orbit of a hypercyclic under A vector, is
necessarily dense.
• Since bounded normal operators on a complex Hilbert space, which are
scalar type spectral (see Preliminaries), are known to be non-hypercyclic
[14, Corollary 5.31], our quest to prove non-hypercyclicity for scalar type
spectral operators in a complex Banach space appears to be amply justified.
2. Preliminaries
Here, for the reader’s convenience, we outline certain essential preliminaries.
Henceforth, unless specified otherwise, A is supposed to be a scalar type spectral
operator in a complex Banach space (X, ‖ · ‖) with strongly σ-additive spectral
measure (the resolution of the identity) EA(·) assigning to each Borel set δ of the
complex plane C a projection operator EA(δ) on X and having the operator’s
spectrum σ(A) as its support [7, 8, 11].
Observe that, on a complex finite-dimensional space, the scalar type spectral opera-
tors are all linear operators that furnish an eigenbasis for the space (see, e.g., [8,11])
and, in a complex Hilbert space, the scalar type spectral operators are precisely all
those that are similar to the normal ones [31].
Associated with a scalar type spectral operator A is the Borel operational calculus
analogous to that for a normal operator in a complex Hilbert space [10, 27], which
assigns to any Borel measurable function F : σ(A) → C a scalar type spectral
operator
F (A) :=
∫
σ(A)
F (λ) dEA(λ)
(see [8, 11]).
In particular,
(2.2) An =
∫
σ(A)
λn dEA(λ), n ∈ Z+,
and
(2.3) etA :=
∫
σ(A)
etλ dEA(λ), t ∈ R.
Provided
σ(A) ⊆ {λ ∈ C |Reλ ≤ ω} ,
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with some ω ∈ R, the collection of exponentials
{
etA
}
t≥0
coincides with the C0-se-
migroup generated by A [18, Proposition 3.1] (cf. also [3, 26]), and hence, if
σ(A) ⊆ {λ ∈ C | −ω ≤ Reλ ≤ ω} ,
with some ω ≥ 0, the collection of exponentials
{
etA
}
t∈R
coincides with the strongly
continuous group of bounded linear operators generated by A.
Remarks 2.1.
• By [17, Theorem 4.2], the orbits
(2.4) y(t) = etAf, t ≥ 0, f ∈
⋂
t≥0
D(etA),
describe all weak/mild solutions of the abstract evolution equation
(2.5) y′(t) = Ay(t), t ≥ 0,
whereas, by [23, Theorem 7], the orbits
(2.6) y(t) = etAf, t ∈ R, f ∈
⋂
t∈R
D(etA),
describe all weak/mild solutions of the abstract evolution equation
(2.7) y′(t) = Ay(t), t ∈ R.
Such generalized solutions need not be differentiable in the strong sense
and encompass the classical ones, strongly differentiable and satisfying the
corresponding equations in the traditional plug-in sense, [2] (cf. [13, Ch.
II, Definition 6.3], see also [22, Preliminaries]).
• The operator A generating a C0-semigroup or a strongly continuous group
of bounded linear operators (see, e.g., [13, 16]), the associated abstract
Cauchy problem (ACP)
(2.8)
{
y′(t) = Ay(t), t ∈ I,
y(0) = f
with I := [0,∞) or I := R, respectively, is well-posed (cf. [13, Ch. II,
Definition 6.8]).
• The subspaces
C∞(A),
⋂
t≥0
D(etA), and
⋂
t∈R
D(etA)
of all possible initial values for the corresponding orbits are dense in X
since they contain the subspace⋃
α>0
EA(∆α)X, where ∆α := {λ ∈ C | |λ| ≤ α} , α > 0,
which is dense in X and coincides with the class E {0}(A) of entire vectors
of A of exponential type [21, 28].
The properties of the spectral measure and operational calculus, exhaustively delin-
eated in [8,11], underlie the subsequent discourse. Here, we touch upon a few facts
of particular importance.
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Due to its strong countable additivity, the spectral measure EA(·) is bounded [9,11],
i.e., there is such an M ≥ 1 that, for any Borel set δ ⊆ C,
(2.9) ‖EA(δ)‖ ≤M.
Observe that the notation ‖ · ‖ is used here to designate the norm in the space
L(X) of all bounded linear operators on X . We adhere to this rather conventional
economy of symbols in what follows also adopting the same notation for the norm
in the dual space X∗.
For any f ∈ X and g∗ ∈ X∗, the total variation measure v(f, g∗, ·) of the complex-
valued Borel measure 〈EA(·)f, g
∗〉 (〈·, ·〉 is the pairing between the space X and its
dual X∗) is a finite positive Borel measure with
(2.10) v(f, g∗,C) = v(f, g∗, σ(A)) ≤ 4M‖f‖‖g∗‖
(see, e.g., [19, 20]).
Also (Ibid.), for a Borel measurable function F : C → C, f ∈ D(F (A)), g∗ ∈ X∗,
and a Borel set δ ⊆ C,
(2.11)
∫
δ
|F (λ)| dv(f, g∗, λ) ≤ 4M‖EA(δ)F (A)f‖‖g
∗‖.
In particular, for δ = σ(A),
(2.12)
∫
σ(A)
|F (λ)| dv(f, g∗, λ) ≤ 4M‖F (A)f‖‖g∗‖.
Observe that the constant M ≥ 1 in (2.10)–(2.12) is from (2.9).
3. Main Results
We proceed here with a straightforward approach afforded by the spectral nature
of the operators in question.
Theorem 3.1. An arbitrary scalar type spectral operator A in a complex Banach
space (X, ‖ · ‖) with spectral measure EA(·) is not hypercyclic and neither is the
collection
{
etA
}
t≥0
of its exponentials, which, provided the spectrum of A is located
in a left half-plane
{λ ∈ C |Reλ ≤ ω}
with some ω ∈ R, coincides with the C0-semigroup generated by A.
Proof. Let f ∈ C∞(A) \ {0} be arbitrary.
There are two possibilities: either
EA ({λ ∈ σ(A) | |λ| > 1}) f 6= 0
or
EA ({λ ∈ σ(A) | |λ| > 1}) f = 0.
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In the first case, as follows from the Hahn-Banach Theorem (see, e.g., [9]), there
exists a functional g∗ ∈ X∗ \ {0} such that
〈EA ({λ ∈ σ(A) | |λ| > 1}) f, g
∗〉 6= 0
and hence, for any n ∈ Z+,
‖Anf‖ by (2.12);
≥ [4M‖g∗‖]
−1
∫
σ(A)
|λ|n dv(f, g∗, λ) ≥ [4M‖g∗‖]
−1
∫
{λ∈σ(A)||λ|>1}
|λ|n dv(f, g∗, λ)
≥ [4M‖g∗‖]−1 v(f, g∗, {λ ∈ σ(A)||λ| > 1})
≥ [4M‖g∗‖]
−1
|〈EA({λ ∈ σ(A)||λ| > 1})f, g
∗〉| > 0,
which implies that the orbit {Anf}n∈Z+ of f under A cannot approximate the zero
vector, and hence, is not dense in X .
In the second case, since
f = EA ({λ ∈ σ(A) | |λ| > 1}) f + EA ({λ ∈ σ(A) | |λ| ≤ 1}) f,
we infer that
f = EA ({λ ∈ σ(A) | |λ| ≤ 1}) f 6= 0
and hence, for any n ∈ Z+,
‖Anf‖ by the properties of the operational calculus ;
=
∥∥∥∥∥∥∥
∫
{λ∈σ(A)||λ|≤1}
λn dEA(λ)f
∥∥∥∥∥∥∥
as follows from the Hahn-Banach Theorem;
= sup
{g∗∈X∗|‖g∗‖=1}
∣∣∣∣∣∣∣
〈 ∫
{λ∈σ(A)||λ|≤1}
λn dEA(λ)f, g
∗
〉∣∣∣∣∣∣∣
by the properties of the operational calculus ;
= sup
{g∗∈X∗|‖g∗‖=1}
∣∣∣∣∣∣∣
∫
{λ∈σ(A)||λ|≤1}
λn d〈EA(λ)f, g
∗〉
∣∣∣∣∣∣∣
≤ sup
{g∗∈X∗|‖g∗‖=1}
∫
{λ∈σ(A)||λ|≤1}
|λ|n dv(f, g∗, λ)
≤ sup
{g∗∈X∗|‖g∗‖=1}
∫
{λ∈σ(A)||λ|≤1}
1 dv(f, g∗, λ) by (2.11) with F (λ) ≡ 1;
≤ sup
{g∗∈X∗|‖g∗‖=1}
4M ‖EA({λ ∈ σ(A)||λ| ≤ 1})f‖ ‖g
∗‖
= 4M ‖EA({λ ∈ σ(A)||λ| ≤ 1})f‖ .
which also implies that the orbit {Anf}n∈Z+ of f under A, being bounded, is not
dense in X and completes the proof for the operator case.
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Now, let us consider the case of the exponential collection
{
etA
}
t≥0
assuming that
f ∈
⋂
t≥0
D(etA) \ {0} is arbitrary.
There are two possibilities: either
EA ({λ ∈ σ(A) |Reλ > 0}) f 6= 0
or
EA ({λ ∈ σ(A) |Reλ > 0}) f = 0.
In the first case, as follows from the Hahn-Banach Theorem, there exists a functional
g∗ ∈ X∗ \ {0} such that
〈EA ({λ ∈ σ(A) |Reλ > 0}) f, g
∗〉 6= 0
and hence, for any t ≥ 0,
‖etAf‖ by (2.12);
≥ [4M‖g∗‖]
−1
∫
σ(A)
∣∣etλ∣∣ dv(f, g∗, λ)
≥ [4M‖g∗‖]
−1
∫
{λ∈σ(A)|Reλ>0}
etReλ dv(f, g∗, λ)
≥ [4M‖g∗‖]
−1
v(f, g∗, {λ ∈ σ(A)|Re λ > 0})
≥ [4M‖g∗‖]
−1
|〈EA({λ ∈ σ(A)|Re λ > 0})f, g
∗〉| > 0,
which implies that the orbit
{
etAf
}
t≥0
of f cannot approximate the zero vector,
and hence, is not dense in X .
In the second case, since
f = EA ({λ ∈ σ(A) |Reλ > 0}) f + EA ({λ ∈ σ(A) |Reλ ≤ 0}) f,
we infer that
f = EA ({λ ∈ σ(A) |Reλ ≤ 0}) f 6= 0
and hence, for any t ≥ 0,∥∥etAf∥∥ by the properties of the operational calculus ;
=
∥∥∥∥∥∥∥
∫
{λ∈σ(A)|Reλ≤0}
etλ dEA(λ)f
∥∥∥∥∥∥∥
as follows from the Hahn-Banach Theorem;
= sup
{g∗∈X∗|‖g∗‖=1}
∣∣∣∣∣∣∣
〈 ∫
{λ∈σ(A)|Reλ≤0}
etλ dEA(λ)f, g
∗
〉∣∣∣∣∣∣∣
by the properties of the operational calculus ;
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= sup
{g∗∈X∗|‖g∗‖=1}
∣∣∣∣∣∣∣
∫
{λ∈σ(A)|Reλ≤0}
etλ d〈EA(λ)f, g
∗〉
∣∣∣∣∣∣∣
≤ sup
{g∗∈X∗|‖g∗‖=1}
∫
{λ∈σ(A)|Reλ≤0}
∣∣etλ∣∣ dv(f, g∗, λ)
= sup
{g∗∈X∗|‖g∗‖=1}
∫
{λ∈σ(A)|Reλ≤0}
etReλ dv(f, g∗, λ)
≤ sup
{g∗∈X∗|‖g∗‖=1}
∫
{λ∈σ(A)|Reλ≤0}
1 dv(f, g∗, λ)
by (2.11) with F (λ) ≡ 1;
≤ sup
{g∗∈X∗|‖g∗‖=1}
4M ‖EA({λ ∈ σ(A)|Re λ ≤ 0})f‖ ‖g
∗‖
= 4M ‖EA({λ ∈ σ(A)|Re λ ≤ 0})f‖ ,
which also implies that the orbit
{
etAf
}
t≥0
of f , being bounded, is not dense on
X and completes the entire proof. 
If further σ(A) ⊆ iR, by [11, Theorem XVIII.2.11 (c)], for any t ∈ R
‖etA‖ =
∥∥∥∥∥∥∥
∫
σ(A)
etλ dEA(λ)
∥∥∥∥∥∥∥ ≤ 4M supλ∈σ(A)
∣∣etλ∣∣ = 4M sup
λ∈σ(A)
etReλ = 4M,
where the constant M ≥ 1 is from (2.9). Therefore, the generated by A strongly
continuous group
{
etA
}
t∈R
is bounded (cf. [3]), which implies that every orbit{
etAf
}
t∈R
, f ∈ X , is bounded, and hence, is not dense in X . Thus, we arrive at
the following
Proposition 3.1. For a scalar type spectral operator A in a complex Banach space
(X, ‖ · ‖) with σ(A) ⊆ iR, the generated by it strongly continuous operator group{
etA
}
t∈R
is bounded, and hence, non-hypercyclic.
4. The Case of a Normal Operator
As an important particular case of Theorem 3.1, we immediately obtain the follow-
ing statement generalizing in part [14, Corollary 5.31].
Corollary 4.1 (The Case of a Normal Operator).
An arbitrary normal, in particular self-adjoint, operator A in a complex Hilbert
space is not hypercyclic and neither is the collection
{
etA
}
t≥0
of its exponentials,
which, provided the spectrum of A is located in a left half-plane
{λ ∈ C |Reλ ≤ ω}
with some ω ∈ R, coincides with the C0-semigroup generated by A.
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As is known [30], for an anti-self-adjoint operator A in a complex Hilbert space,
σ(A) ⊆ iR and the generated by it strongly continuous operator group
{
etA
}
t∈R
is
unitary, which, in particular, implies that
‖etA‖ = 1, t ∈ R.
Hence, in this case, Proposition 3.1 acquires the following form.
Corollary 4.2 (The Case of an Anti-Self-Adjoint Operator).
For an anti-self-adjoint operator A in a complex Hilbert space, the generated by it
strongly continuous operator group
{
etA
}
t∈R
is unitary, and hence, non-hypercyclic.
5. An Application
Since, in the complex Hilbert space L2(R), the differentiation operator A :=
d
dx
with the domain
W 12 (R) := {f ∈ L2(R)|f(·) is absolutely continuous on R with f
′ ∈ L2(R)}
is anti-self-adjoint (see, e.g., [1]), and hence, the generated by it left-translation
operator group is strongly continuous and unitary [13,30], by the Corollary 4.2, we
obtain
Corollary 5.1 (The Case of Differentiation Operator).
In the complex Hilbert space L2(R), the differentiation operator A :=
d
dx
with
the domain D(A) := W 12 (R) is not hypercyclic and neither is the left-translation
operator group generated by it.
Remark 5.1. In a different setting, the situation with the differentiation operator
can be vastly different (cf. [14, Example 2.21], [5, Corollary 2.3], [12, Corollary 4.1],
and [4, Theorem 3.1]).
6. Concluding Remark
The exponentials given by (2.4) describing all weak/mild solutions of evolution
equation (2.5) (see Remarks 2.1), Theorem 3.1, in particular, implies that the
latter is void of chaos (see [14]). By Proposition 3.1, the same is true for evolution
equation (2.7) provided σ(A) ⊆ iR.
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